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Abstract. Some evolution equations possess infinite-dimensional prolongation Lie algebras which can be 
made finite-dimensional by using a bigger (non-Archimedean) field. The advantage of this is that con- 
vergence problems hardly exist in such a field. Besides that, the accompanying Lie groups can be easily 
constructed. 
The prolongation theory of Wahlquist and Estabrook [ 1 ] can be described as follows: 
Find a 1-form o9 = A dx + B dt, defined on the (x, t)-space with values in a Lie algebra 
g such that 
de)+~o^ o9= - - -+- -+ [A,B dxAdt  
~t Ox 
is a linear combination of the 2-forms which describe the evolution equation in question. 
If u is an analytic solution of this equation, then A and B are analytic functions of u and 
its x-derivatives, g is called a prolongation algebra and is found, as a presentation, as 
a part of the prolongation problem. 
In this formulation the prolongation variables eem to have disappeared but they turn 
out to be coordinates of a Lie group G which has (a completion of) g as a Lie algebra. 
One can find conservation laws by using the following theorem. 
THEOREM (th. 5 of 4.6 of [3]). Let G be a Lie group (local or global), M an analytic 
manifold, o9 a 1-form on M with values in the Lie algebra g of G such that do) + 89 ^ o9 = O, 
then for every x ~ M and g ~ G there is an analytic map f, defined on an open neighbourhood 
of x, with values in G, such that f (x )  = g and that f -  1 d f  = oJ. Two such rs  coincide in the 
neighbourhood of x. 
REMARK. G and M are analytic manifolds over the same field K where K can be ~, 
C, or a complete non-Archimedean field. An example of the latter will be given below. 
We shall now construct f explicitly for the Korteweg-de Vries equation 
Ut -~- 12UUx + Uxxx ----- O, 
the nonlinear SchrOdinger equation 
~0q, = o ,  i~ ,+r  2 
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and the Burgers equation 
qt + 2qqx + qxx = O. 
Here the following fact is used: if b~ . . . . .  bn is a basis of the Lie algebra g, then 
e~'b'. . ,  e~"b" sweeps out from a neighbourhood of 1 in G when the ~; progress through 
a neighbourhood of 0 in K [3]. Moreover, the formula for U and V~ g 
1 
eUV e -U = e ad u(v)  = V + [U, V] + ~ [U, [U, V]] + . . .  
is requisite [2]. 
KdV:  The solution of the prolongation problem is 
A = -2X  1 - 2uX 2 - 3u2X3 
and 
B = 2(Uxx + 6ua)X2 + 3(8u 3 - U 2 + 2uuxx)X3 - 8X 4 - 8uS  5 - 4u2X6 - 4UxX 7 
(see [1]) and the prolongation algebra g=Hx(A I |  H has a basis 
( r _3 ,  r _ l ,  ro, r l ,  r3) with multiplication table [r 1, r _ l ]  = [ r_3 ,  r3] = - ro ;  the other 
commutators being zero. 
A 1 has a basis (h, y, z) with commutatorable [h, y] = 2y, [h, z] = - 2z, and [ y, z] = h. 
C[T]  is the ring of polynomials in the indeterminate T with complex coefficients. Every 
element of H commutes with any o fA  1 | C[T] .  Details are found in [4] and [5]. 
We can decompose X1 . . . . .  XT: 
1 = 1 2 X 1 = r, - l y  + ~Tz ,  X 2 = r_ l + z ,  X 3 r _3 ,  X 4 = r 3 - 89 + ~T z ,  
X5 = I 89 Tz ,  X 6 = Z,  ~y + X7 = ro + 89 
We can split A and B accordingly, so we can look upon the KdV as having two 
prolongation algebras, H and A 1 | C[T] .  
KdV with g = H:  
A = -2r  1 - 2ur_ l - 3u2r_3 ,  
B = 2(Uxx + 6u2)r_l + 3(8u 3 - u 2 + 2UUxx)r_3 - 8r3 - 4uxro. 
We can easily check that 
0A 0B 
- - -  + - -  + [A ,  B ]  =0 
0t Ox 
if and only if u satisfies the KdV. Put 
f (x ,  t) = e ~3r-3 e Gt l r - I  e ~OrO e y l r l  e ~3r3 
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then f - l  df = o9 is translated into 
f -1 Of_ A and f -10 f  = B " 
Ox 8t 
We find 
g3v(r  3 - 73r0) + g lx ( r  i + 71ro) + floxro + 71xrl + 73xr3 = A 
and the same equation with x replaced by t and A by B. Sorting out yields 
g3:c = -3u2 ,  ~3t = -3u2 + 24u3 + 6UUxx ; glx = - -2U,  
Yl~ = -2 ,  }'lt = 0,  so 71 = -2x  ; Y3x = 0,  73t = -8 ,  
flOx = - -8t~3x + 2xcqx, fl0t = -4ux - 8t~ + 2X~ 
We get the following conservation laws 
fu2dxf rom~3,  Iudx f rom~ and ~(6tuZ-xu)fromflo. 
The last one is the same one as described in Section 6 of [6]. 
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(~lt = 12U2 + 2Ux~ ;
SO 73 = --8t ; 
KdV with g = A 1 | C[T] :  
A =y- (2u+ T)z and B=(2uxx+8u 2-4T  2-4uT)z+(4T-4u)y -2uxh .  
Again 
0/i 8B 
- - -  +--  + [A ,B]  = 0 
& Ox 
if and only if u satisfies the KdV. Now g is an infinite-dimensional lgebra over C. We 
make it finite-dimensional, not by chopping an infinite tall off it but by enlarging it. 
In fact, we enlarge the ring C[T]  to the fieM C((T)), where the elements are formal 
Laurent series in T, with coefficients in C, having a finite principal part. 
I f s  = ~-.n:~=m a.T" with a., # 0 then I] s Ih = e - ' .  IL II is a norm on C((T)) of which 
the triangle inequality is sharpened to 
IIS1 nt- S21I ~ sup(lls, II, I Is211). 
Sometimes uch a norm is called an ultranorm. In this norm, C((T)) is complete and 
is the promised example of a non-Archimedean complete field, g has thus become a 
three-dimensional lgebra over C((T)) - an sl(2). In C((T)) there exist the notions of 
'differentiation of a function', 'analytic functions' and 'manifolds' [ 11], and 'Lie 
groups' [31. 
Let f(x, t) = e ~ e aye ~z then f -1  d f  = co becomes 
2uxf l+~= 1, ~x( l+2f ly )+f lo ,7=0,  -2ax(y+f lyz ) - f l x72+yx= -T -2u ,  
20~tfl + fit = 4T - 4u, a,(1 + 2fl7) + J~t7 = -2ux and 
-2gt (  )' + f17 2) - /~t7 2 -4- 7t = 2blx.~: -4- 8U 2 -- 4T 2 - 4uT. (1) 
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From the first and fourth equations, it follows that 
(fl e2~) x = e 2~ and (fl e2~), = (4T - 4u) e 2~ , (2) 
so e 2~ can be viewed as a conservation density. We return to it below. 
I f  we insert the first equation of (1) into the second, resp. the third, we get 
~x= -7  and 7x + 72 = -T -2u .  (3) 
From the t-equations of (1) we can derive 
a t + (4T - 4u)7 = -2Ux, 
7t + 4ux7 + (4T - 4u)y 2 = 2Uxx + 8u 2 - 4T  2 - 4uT. (4) 
If  we eliminate u from (3) and (4) we get 
7t + 7xxx - 6727x - 6TTx = 0,  (5) 
the so-called modified KdV equation. 
We now give a few consequences of this equation. 
1. Note that - 7 satisfies (5) too. I fu '  is such that - ?x + 7 2 = - T - 2U' (see second 
equation of (3)), then - 7 and u' satisfy the second equation of (4). That means that 
we can find an f '  such that f '  - ~ d f '  = co', where co' is made from co by replacing u 
with u'.  It follows that u' is a solution of the KdV. The idea of using -7  in order to 
find a new solution of the KdV was brought in by Martini (Twente University of 
Technology). 
2. Replace T by - (1 /4T  '2) and to things in C((T')) .  The equation 7x + 72 = 1/4T'2 
has 7 = 1/2T' as a solution. Now put 7 = (1/2T' )  + T '  7', then the second equation of 
(3) becomes 
T '7"  + 7' + T '27  '2  = -2u .  (6) 
If  u is a real analytic solution of the KdV, then it is analytic in the neighbourhood 
IlxlJ < 1, [Itll < 1 of C( (T ' ) )  2. Formula(6)  has an analytic solution in the same 
neighbourhood. Miura [6, 7] found this as follows. Assume that for x and t e DR, 
7' = Eft= o 7, T 'n with 7n(x, t) e R. We can solve 7o, 71, 72 . . . .  consecutively from (6). 
They are polynomials in u and its derivatives. Miura proved that the Y' thus found 
satisfies the equation derived from (5) by substituting (1/2T ' )  + T '  7' for ?. Because 
~x = - ? (see (3)), all 7, are conservation densities, so that ~R 7'(x, t)dx, with the 
obvious meaning, is time independent. It is clear that 7' is analytic in the above- 
mentioned neighbourhood. 
3. Equation (3) can be combined to - 0t~ + ~ = - T - 2u and multiplication by e-~ 
gives, with ? := 3/dx, 
(~2+2u)  e -~= -Te -~.  (7) 
I f  we combine the first equations of (3) and (4) and multiply with e-% we get 
( -e -~) t  + (4T - 4u) ~e -~ + 2u~ e -~ = 0. (8) 
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With the help of (7), we can eliminate T from (8) and get 
(e-~)t = ( -4  03 - 6u x - 12u 0) e -~.  (9) 
Set 
tp=e -a ,  L=02+2u and P= -4  03-6ux-  12u0 
then (7) and (9) read as Lip = -T tp  and q~t = P~. Differentiation gives 
L,q~ + L~, = - T~, or L ,~ + LP~ = - TP~ = PLop 
so that L /p  = [P, L]qk Indeed, L t = [P ,  L ]  by direct computation. 
From [8] it follows that the spectral data of L are time invariant in the KdV flow. 
We remarked before that e 2~ is a conservation density. Now e 2" = tp -2 so there is a 
link with the theorem on page 92 of [9]. 
4. Equation (7) has a close relationship with the Lenard sequence [10]. Applying 
Lemma 3.8 of this reference to (7), one gets 
(0 3 + 8u 0 + 4Ux)~ 2 = T '  -2 0~2.  
I f  for x, t e N; q~2 = Y n~ z q)n T 'n  with tpn(x, t )e N then 
(0 3 + 8u 0 + 4Ux)(p,, = Oq),, + 2.  
5. The prolongation variables of [ 1 ] are coordinates of the group G. In the notation 
of [ 1 ] we have 
53 = Y6 , 0~1 = Y7 ,  ~ = Y3 , 7 = Y8 and fle2~ = Y2 9 
A final remark about 7: if we factorize the operator 0 2 4" 2U + T (see [7]), we get 
02 + 2u + T = (0 + 7) (0 -  7), which gives another point of view of the B~tcklund 
transformation described in consequence 1 above. 
The important role of 7 (and of 5) in the prolongation of the KdV has now become 
clear. We shall now say something about the role of ft. From the fh-st equations of (1) 
and (3), it follows that fix - 27fl = 1. 
Substitution of 7' T '  + (1/2T ' )  for 7 (see consequence 2) yields 
n=O 
T ' ' '+ ~ (0 -  2T '  7')"(1). 
From this it follows that 
f l  = -T '  - 4uT  '3 - (24u z + 4u~)T  '5 . . . .  
We can solve the equation fix - 27fl = 1 for 7. I f  we put the result in the second equation 
of (3) we get 
_ 2flflx x + f12 _ 4f12(2u + T)  = 1.  
I f  we compare this with Equation (2.6) of [ 16] we find that fl is equal to R(x ;  ~), the 
restriction to the diagonal x = y of the resolvent of the Schrrdinger operator. 
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Finally, fl can be used to build a hierarchy of generalized KdV equations. The relation 
-At + Bx + [A, B] = 0 can be looked upon as an equation for B by given A. IfA remains 
equal to y - (2u + T)z and if B = blh + bEy + b3z, we find that 
and 
?bl + b3 + (2u + T)b 2 = O, ~b2 - 2bl -- 0 
i 3 T' 4ux)b2 ut = 3(d + 8u(~- -20+ 
The right-hand member of this equation can be made homogeneous in T' as follows. 
By differentiation of the second-order quation for fl, we get 
flxxx + 8ufl~ + 4Uxfl - T'-Zflx = O, 
so that fl satisfies Lenard's equation [4]. If we use the series expression of fl, 
T'2~ + 1 (see above) 
k=O 
and the fact that fl satisfies Lenard's equation, it is easy to see that 
(~3 + 8u? -  T ' -2~+ 4u~) ~ f~z~+~T '~+~ = 0#2.+3T 'z"+~ 
k=0 
n 10fl2, + = 0 after a rescaling oft. Here, IfwetakeZ~=oflz~+~T'2k+~forb2,wegetu~- ~ 3 
n = 1 yields the KdV. The method is inspired by Lax [8, 10]. 
REMARK. If we use the coadjointed representation f f ,  A and B, it becomes obvious 
that fl should satisfy 'Lenard' and b 2 should be an inhomogeneous version of it. The 
standard two-dimensional representation almost directly yields the Schr0dinger 
operator. 
NLS: The prolongation is described in [ 12] and the prolongation algebra in [5]. This 
algebra is H • (A~ | C[T]), where now H is a three-dimensional commutative Lie 
algebra. If one proceeds along the lines of the KdV, one finds with the prolongation 
algebra (A~ |  that co = A dx + B dt with 
a -- 88 + 89 + 1~ 
and 
_ i T2+i  #)h  B=(~ ~bx 4 T~)Y+( -~ ~x-4  
For ~, fl and 7, we find the following analogues of (3) and (4) 
I 1 1 2 1-- ~_ = -5~kT+~T and 7x-  89  =~k 
with (3') 
(~ 4i ~b) iTz i  9 ,+~ r  - - - - -  +-# 
8 4 




(~ i ~b) (~ T 2 i~)  i i 
- - -  + ~+ r~=0 ~,+~2 0x -4 r +~ 2 2 4 
Equation (3') can be solved by 7 = Eft= ~ 7, T-~ [so one works in C((T-l))]. One gets, 
if ~ = - JTx  + s 1 ~,,T ", 
= 1 2--2 7L~ = 1~,  o~z~ = ~x,  ~3o, -~  ~ + 2~x~, etc. 
We must prove now that ? satisfies the last equation of (4'). From the second equation 
of (3') (which holds true for this ~), it follows that 
~-2 r+~,y ~=~2 -2 <x+i -~ -2 ~xx+7~ 2 (lO) 
where use is made of the NLS and its conjugate. 
From this it follows that 
(~X -~12 Z"t-I~)(~)t-{-~2(~ ~x. i 4 Zl//) ..l- 
(4 ' )  i T2 -  i + -~,+ T-~ =0.  +~ 2 2 -4 
Let v be an analytic function, which is of the form E'~= _ oo v,, T n for x and t e R, that 
satisfies 
(~x--21 T+IpT) v=0"  
Then v,, = 0, so v = 0. It follows that our assertion is proved and that ~x, ~2x, ~3x, etc. 
are indeed conservation densities. They are also to be found in [ 13]. Compare the proof 
with Section 3 of [6]. 
REMARK. 7 ~ - 7 gives a trivial Backlund transformation for the NLS: q,~ - ~O. On 
the other hand, the NLS and its algebra possess a natural 77E-grading (see [5]), the 
degrees of x, t, ~O, -~, T and T being ( -  1, 0), ( -2 ,  0), (1, - 1), (1, 1), (1, 0) and (1, 0), 
respectively. The degrees of y and ~ are (0, 1) and (0, - 1). Indeed: 
1 (T + T)~ 
Y ~ _- yields ~/,~, 
? 7~-  I 
giving another solution of the NLS. 
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Burgers: The prolongation 1-form is 
~0 = A dx + B dt with A -- -x~ - qx 2 and B = (qx + q2)x2 + qx3 - x4 (11) 
where x 3 = [xl, x2]. The prolongation algebra is presented by the free Lie algebra 
L(x~, x2, x4) and the relations 
[X 1,X2] + [X2, [X1, X2] ] = O, [X 1, [X 1, X2] ] -- Ix2, X4] = 0 and [Xl, x4] = 0.  
See [ 14]. 
This presentation problem was solved by Gragert and Martini (both from Twente). 
The algebra consists of an infinite sequence of letters 
(xn),~ ~ with [x;,xj] = 0 if i , j>~5, [x3, x , ]=O if n~>5, 
[X l ,X3]=xs ,  [x l ,x , ]=x ,+ 1 if n />5,  [x~,x2]=x . if n=3,  
or 
n>~5, [x3, x4]=x6 and [x , ,x4]=x,+2 if n>15. 
The proof of this is straightforward if one uses the fact that the algebra possesses a 
~q-grading with deg(xl) = 1, deg(x2) = 0 and deg(x4) --- 2. An isomorphic algebra is 
described in [ 15]. This algebra is not very tractable but this can be remedied by enlarging 
it. 
Pick two letters a and b, give them degree 0, and let 
[a ,b ]=b,  [a, xz ]=b and [b, x2] - -b .  
Set 
x l=a|  x4=-a@T 2 , x3=b|  and x ,=b@T n-3 
for n ~> 5, where T is an indeterminate. The algebra is now completely described. The 
intended enlargement is then the three-dimensional algebra (a, b, x2) over C((T)). If we 
put c = x 2 + a - b then [a, b] = b and [a, c] = [b, c] = 0. So we have two prolongation 
algebras, commuting with each other, namely (a, b) and (c) both over C((T)). 
"Burgers' with g = (c) 
Equation (11) can be split up according to the decomposition of the prolongation 
algebra. For (c) we find 
A= -qc  and B = (qx + q2)c. 
This is described in [14]. 
'Burgers" with g = (a, b): We find 
A = ( -  T + q)a - qb and 
Put f = e ~ e #b and we find 
a x= -T+q and a t=T2-qx-q2 ,  
f ix+flax= -q  and flt + flat= Tq + qx + q 2. 
B = (T  2 - qx - q2)a + (Tq + qx + q2)b. 
(12) 
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Put ~' = ct + Tx  - T2t  then we get 
t g 'x=q and a t = -qx -q2  (13) 
and we have the case with (c) again. 
If Q = e ~' then Q, + Qxx = 0 (Cole-Hopf), this follows immediately from (13). 
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